Abstract: In this paper, the differential equation for the motion of a mass on a spring is investigated, solutions of six different cases were analyzed and numerical solutions are obtained by means of Magnus Expansion Method. Any truncation of the Magnus series preserves qualitative geometric properties of the exact solution (Castellano et al. 2014) . This is an important advantage of the Magnus expansion method. Therefore Magnus expansion method provides more accurate solutions than other frequently used numerical schemes. Finally the numerical results obtained by the present method and the analytical results were compared.
Introduction
In 1954, Magnus provided an exponential representation of the solution of a first order linear homogeneous differential equation for a linear operator that named Magnus Expansion. Since 1960's the Magnus expansion has been successfully applied in various areas of physics and chemistry, from atomic and molecular physics to nuclear magnetic resonance and quantum electrodynamics. Magnus neither derived a general formula for Magnus expansion nor proved conditions for convergence. Several authors such as Bialynicki-Birula, Mielnik & Plebanski (1969) , Mielnik & Plebanski (1970) , Strichartz (1987) and Fomenko & Chakon (1990) presented a formula for general terms in the Magnus expansion but they are too complicated and not practical for using at high orders. Iserles & Norsett (1999) presented a practical recursive algorithm that generates the terms of Magnus expansion. In the study of linear ordinary differential equations arises an infinite series which is called Magnus series. If the series converges, then the matrix exponential of the sum equals the fundamental solution of the differential equation. Blanes et al. (1998) considered the approximate solutions of matrix linear differential equations by matrix exponentials and the convergence issue of Magnus and Fer expansions. They obtained the upper bounds for the convergence radius in terms of the norm of the defining matrix of the system. Moan & Niesen (2008) considered the question: When does the series converge? The main result they obtained, established a necessary condition for convergence. The first physical application of Magnus Expansion is Robinson's (1963) work. Since then, the Magnus Expansion became rapidly popular. It has been used in quantum mechanics to study time-dependent problems (Pechukas & Light 1966) , semiclassical atomic collisions theory (Baye & Heenen 1973) , the behaviour of molecular systems in intense laser fields (Milfeld & Wyatt 1983) , multiphoton excitation of molecules (Schek, Jortner & Sage 1981) , pulsed magnetic resonance spectra (Evans 1968) , spectral line broadening (Cady 1974) , infrared divergences in QED (Dahmen, Scholz & Steiner 1982) , the solar neutrino problem (MSW effect) (D'Olivo & Oteo 1990 ) and a trajectories solution of the Hamilton equations in classical mechanics (Oteo & Ros 1991) , transition amplitude and the cross section for K-shell ionization of atoms by heavy-ion impact (Eichler 1977) , the time-evolution of rotationally induced inner-shell excitation in atomic collisions (Wille 1981; Wille & Hippler 1986 ), the theoretical study c ⃝ 2016 BISKA Bilisim Technology of electron-atom collisions, involving many channels coupled by strong, long-range forces (Hyman 1985) , the theory of the pressure broadening of rotational spectra (Cady 1974) , computing propagation in optical waveguides (Lu 2006) , Helmholtz equation in waveguides (Lu 2005; 2007) , non-holonomic motion planning of systems without drift (Duleba 1997; , among non-holonomic systems there are free-floating robots, mobile robots and underwater vehicles (Murray, Li & Satry 1994) . Also new ideas emerged for the algorithm used as an efficient numerical integrator (Iserles & Nørsett 1997; . As an application of the Magnus Expansion Method, the vibration analysis of a mass on a spring is considered.
Vibration is a repetitive, periodic, or oscillatory response of a mechanical system (De Silva, 2000) . Problems involving vibration occur in many areas of mechanical, electronics, geological, civil and aerospace engineering. In general vibration is undesirable since it wastes energy, makes unwanted sound and noise and reduces efficiency and may be harmful or dangerous. In this study we apply the magnus series method to the differential equations that occur in the vibration of a mass on a spring. And we compare the results obtained by the present method with the exact solutions are given in (Ross 1984 ).
Our paper is organized as follows. In Section 2 the Magnus series method of order 4 and 6 for linear ordinary differential equations is investigated. In Section 3 the vibration analysis of a mass on a spring is introduced. Some numerical experiments with six different cases are performed in Section 4.
Magnus expansion
The linear differential equation on a matrix Lie-group is an equation of the form
where A :→ is the matrix function, is the Lie group, is the Lie algebra of the corresponding Lie-group. Magnus (1954) expressed the solution of equation (1) as the exponential of a certain function, 
where
and B n are the Bernoulli numbers. Integration of (4) by iteration leads to an infinite series for the first terms of which are
For the proof see Blanes et al. (2009 
Substituting the equation (6) into the equation (7) one can get the Ω i for i = 1, 2, 3, ... respectively
The Magnus series expansion is,
where each H k includes exactly k + 1 integrals and k commutators (Iserles et al. 2000) . Thus,
Since the matrix A(t) in equation (2.1) belongs to the Lie algebra for all t ≥ 0, any term of the Magnus expansion (2.12) belongs to the same Lie algebra. In other words all terms of Magnus series belongs to the same Lie algebra and any truncation of the Magnus series will also belong to the same Lie algebra. This implies that the exponential map of any truncation will necessarily stay in the corresponding Lie group. Therefore an approximated solution obtained by truncating the Magnus expansion at any order preserves the same qualitative features of the exact solution (Castellano et al. 2014 ). Fourth-order Magnus expansion method:
Sixth-order Magnus expansion method:
If the matrix is a constant matrix then A = A 1 = A 2 = A 3 and all terms in the Magnus series
which gives the exact solution. As a result one can say that Magnus Expansion Method gives the exact solution when the coefficient matrix A(t) is constant.
The vibration of a mass on a spring
There are various forces acting upon the mass on a spring. The force acts in the downward direction is positive and the force acts in the upward direction is negative.
The forces acting upon the mass on a spring (Ross 1984)
3.1.1 F 1 , the force of gravity
Magnitude of the force of gravity is mg, where g is the acceleration due to the gravity and m is the mass,
3.1.2 F 2 , the restoring force
Magnitude of the restoring force of the spring is k(x + l), where k is the spring constant and x + l is the amount of total elongation. In Fig.1 (c) the mass is below the end of the unstreched spring, the restoring force is given by
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The resisting force of the medium is called the damping force. The exact magnitude of the damping force isn't known but for small velocities the magnitude of the damping force is given by
where a > 0 is the damping constant. Damping force acts in the opposite direction of the motion of the mass.
F 4 , the external force
Let F(t) be any external force that act upon the mass at time t,
Applying Newton's second law, F = ma, where
Substituting the equations (24), (25), (26) and (27) into the equation (28) we obtain,
From the equation (29) we obtain the differential equation for the motion of the mass on a spring as follows;
Motion of a mass on a spring
The motion is called undamped when a = 0, otherwise it is called damped. If F(t) = 0 for all t the motion is called free, otherwise it is called forced (Ross 1984) . 
Free undamped motion
In free undamped motion both the damping constant a = 0 and the external force F(t) = 0 in the equation (30) . The differential equation (30) reduces to
where m is the mass and k is the spring constant. Dividing the equation by m and replacing k / m by λ 2 , equation (31) takes the form,
Free damped motion
In free damped motion damping constant a ̸ = 0 and the external force F(t) = 0 in the equation (31) . The differential equation (31) reduces to
where m is the mass and k is the spring constant. Dividing the equation by m and replacing k / m by λ 2 and a / m and 2b respectively, equation (3.10) takes the form,
Since a and m are positive, b is positive. There are three cases in free damped motion (Ross 1984) . In forced motion the external force F(t) ̸ = 0 in the equation (3.7). We consider a periodic external impressed force F defined by F(t) = F 1 cos ωt where F and ω are constants. Then the differential equation (30) 
where m is the mass and k is the spring constant (Ross 1984 ).
Numerical examples
In the higher order differential equations the diemonsion of the coefficient matrix increases i.e., in a third order homogeneous differential equation dim(A(t)) = 3. We only consider second order ODEs, since in the vibration of a mass on a spring only second order differential equations occur.
In this section, six examples are investigated for various cases to illustrate the efficiency and the accuracy of MG4 and MG6. Since the coefficient matrices A(t) are constant Magnus series Method gives the exact solution in examples 1-4.
Example 1. Consider free undamped motion (Ross 1984) ,
with the initial conditions,
By using the following transformation (Blanes et al. 2014 ),
the equation (36) yields the Lie-type matrix equation,
where prime denotes derivative.
Let's call
as X and
which is the linear Lie-type equation. Since the coefficient matrices A(t) is constant Magnus series Method gives the exact solution.
Example 2. Consider free damped motion (Ross 1984) ,
c ⃝ 2016 BISKA Bilisim Technology By using the following transformation,
the equation (41) yields the Lie-type matrix equation,
Since the coefficient matrices A(t) is constant Magnus series Method gives the exact solution.
Example 3. Consider free critical damping (Ross 1984) ,
By using the following transformation,
the equation (46) yields the Lie-type matrix equation,
as X and 
Example 4. Consider free overcritical damping (Ross 1984) ,
By using the following transformation, 
matrix as A, then equation (51) takes the form,
Since the coefficient matrices A(t) is constant Magnus series Method gives the exact solution. 
the equation (51) yields the Lie-type matrix equation,
Let's call 
Then equation (60) is solved by MG4, MG6, RK4 and RK6. Tables 1-8. compare exact solution and obtained results and  Tables 9,10 . compare the absolute errors of the obtained aproximations of equation (56) for the time interval (0,10) with the step size h = 1 / 100 respectively. Fig. 2-9 illustrate MG4, MG6, RK4 and RK6 solutions and the absolute errors for the time interval with the step size h = 1 / 100 (0,10). 
the equation (61) yields the Lie-type matrix equation, 
Then equation (61) is solved by MG4, MG6, RK4 and RK6. Tables 11-18. compare exact solution and obtained results  and Tables 19,20 . compare the absolute errors of the obtained aproximations of equation (61) for the time interval (0,10) with the step size h = 1 / 100 respectively. Fig. 10-17 . illustrate MG4, MG6, RK4 and RK6 solutions and the absolute errors for the time interval with the step size h = 1 / 100 (0,10).
Conclusions
In this work, a reliable, efficient and structure preserving (Castellano et al. 2014 ) numerical algorithm based on the Magnus series expansion is applied to solve the differential equations which occur in the vibration of a mass on a spring. Some numerical examples are given to illustrate the validity and accuracy of this procedure. We investigate both the fourth and the sixth order Magnus Series method. Since the coefficient matrices A(t) in the examples 1-4 are constant 
